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Magnetic black holes and monopoles in a nonminimal Einstein-Yang-Mills theory with
a cosmological constant: Exact solutions
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Alternative theories of gravity and their solutions are of considerable importance since at some
fundamental level the world can reveal new features. Indeed, it is suspected that the gravitational
field might be nonminimally coupled to the other fields at scales not yet probed, bringing into
the forefront nonminimally coupled theories. In this mode, we consider a nonminimal Einstein-
Yang-Mills theory with a cosmological constant. Imposing spherical symmetry and staticity for
the spacetime and a magnetic Wu-Yang ansatz for the Yang-Mills field, we find expressions for
the solutions of the theory. Further imposing constraints on the nonminimal parameters, we find
a family of exact solutions of the theory depending on five parameters, namely, two nonminimal
parameters, the cosmological constant, the magnetic charge, and the mass. These solutions represent
magnetic monopoles and black holes in magnetic monopoles with de Sitter, Minkowskian, and anti-
de Sitter asymptotics, depending on the sign and value of the cosmological constant Λ. We classify
completely the family of solutions with respect to the number and the type of horizons and show
that the spacetime solutions can have, at most, four horizons. For particular sets of the parameters,
these horizons can become double, triple, and quadruple. For instance, for a positive cosmological
constant Λ, there is a critical Λc for which the solution admits a quadruple horizon, evocative of
the Λc that appears for a given energy density in both the Einstein static and Eddington-Lemaˆıtre
dynamical universes. As an example of our classification, we analyze solutions in the Drummond-
Hathrell nonminimal theory that describe nonminimal black holes. Another application is with a
set of regular black holes previously treated.
PACS numbers: 04.20.Jb, 04.40.Nr, 14.80.Hv
I. INTRODUCTION
There is great interest in finding compact objects and
black hole solutions in all possible viable gravitational
theories, from general relativity coupled minimally to all
forms of matter, to alternative theories of gravitation
such as nonminimally coupled theories.
Vacuum spherically symmetric general relativity con-
tains the Schwarzschild black hole, and when coupled
minimally to the Maxwell electromagnetic field, contains
the Reissner-Nordstro¨m black hole, see e.g., [1]. When
coupled to the Yang-Mills field, spherically symmetric
general relativity yields soliton [2] and black hole so-
lutions [3] with Yang-Mills hair, and the addition of
a Higgs field produces remarkable magnetic monopole
black holes [4–6]. There are many other solutions. For
instance, compact objects and black holes appear in a
non-Abelian Born-Infeld theory coupled to general rela-
tivity [7] and in supersymmetric Einstein-Yang-Mills the-
ories [8]. In addition, regular black holes, i.e, nonsingular
black holes that have special features, also show up when
general relativity is coupled minimally to other fields [9–
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13]. Vacuum rotating stationary general relativity con-
tains the Kerr black hole, and when coupled minimally
to the Maxwell electromagnetic field, contains the Kerr-
Newman black hole, see, e.g., [1]. Some of the spher-
ically symmetric solutions mentioned above also have
their counterpart when put to rotate. To add a cosmolog-
ical constant to the general relativity equations gives, in
pure vacuum, the de Sitter (dS) solution and the anti-de
Sitter (AdS) solution, depending on whether the cosmo-
logical constant is positive or negative, respectively. In
such a case, the massive solutions are enlarged to the
Schwarzschild-dS solution or the Schwarzschild-AdS so-
lution, depending on whether the cosmological constant
is positive or negative, respectively, and the correspond-
ing generalizations when one includes electric or magnetic
charge and rotation [1]. Non-Abelian monopole solutions
in dS spacetimes have been found in [14] and black hole
hairy solutions for a Yang-Mills field coupled to spheri-
cally symmetric general relativity in AdS spacetimes have
also been found [15–17].
Differently from minimally coupled fields, there are
theories that couple the gravitational field to other fields
using cross terms containing the curvature tensor. One
says then that the theory is nonminimally coupled. There
are many fields which can be nonminimally coupled to
gravitation. For instance, the electromagnetic field is
nonminimally coupled to the gravitational field in [18–
20].
2In nonminimally coupled theories spherically symmet-
ric solutions with an electric field have been found in
[21–23], including black holes [24] and wormholes [25].
Solutions with a magnetic field of the Wu-Yang type in a
Yang-Mills theory nonminimally coupled to the gravita-
tional field have been found as monopoles in [26, 27], as
wormholes in [28, 29], and as regular black holes in [30].
Here we want to proceed with the studies initiated
in [26–28] and find nonminimal solutions, now with a
generic cosmological constant (see also [29] for worm-
hole solutions with a cosmological constant). Indeed, we
find a general set of magnetic monopoles and black holes
with positive, zero, and negative cosmological constant
of which the regular black holes found in [30] are a small
subset.
The nonminimal theory we use is provided in [20], and
its extension from a Maxwell to a Yang-Mills field is in
[26]. In addition to the Einstein-Hilbert term and to the
Yang-Mills term, the theory couples the Yang-Mills field
linearly to a nonminimal susceptibility tensor in which
three parameters q1, q2, and q3, appear as coefficients in
front of the Ricci scalar, Ricci tensor and Riemann ten-
sor, respectively. These three parameters can be consid-
ered phenomenological and have units of length square.
We put in the theory, and thus in the action, a cosmo-
logical Λ term, which has units of inverse length square.
A positive cosmological term appears in a cosmological
framework for providing the acceleration of the Universe
and as a setting for the dark energy. It also appears in
black hole physics. First, regular black holes need some
kind of positive cosmological constant in its interior to
provide enough repulsion that does not allow a singular-
ity formation (see, e.g., [11]). Second, a generic cosmolog-
ical constant, positive, zero, or negative gives spacetimes
that are asympotically dS, Minkowski, or AdS. The first
case is the Universe in which we live, the second case is
mathematically simpler with good asymptotic properties,
and the third might be a world for elementary particles
as predicted in supergravity theories.
In considering solutions describing nonminimal mag-
netic monopole stars and nonminimal magnetic black
holes we aim to construct fully exact solutions from the
origin to infinity without the need of a matching bound-
ary. Clearly it is an important task to find continuous
black hole solutions for which no junction is needed. We
find that nonminimal coupled theories of a Yang-Mills
field with a Wu-Yang ansatz in spherically symmetric
static spacetime yields such solutions. The Wu-Yang
ansatz in such a spacetime provides a magnetic parame-
ter ν for the Yang-Mills field, or its square Q2m = 4piν
2
giving the magnetic charge Qm. The gravitational equa-
tions give the mass parameter M .
It is reasonable to restrict our quest, as we do, by im-
posing some asymptotic conditions at large values of the
radial variable r. We assume that at r large one should
obtain a magnetic Reissner-Nordstro¨m-dS solution, a
magnetic Reissner-Nordstro¨m solution, or a magnetic
Reissner-Nordstro¨m-AdS solution. Generically the mag-
netic Reissner-Nordstro¨m solution with a cosmological
constant is ds2 = N(r)dt2 − dr2
N(r) − r2
(
dθ2 + sin2 θdϕ2
)
,
where the metric function N(r) is of the form N(r) =
1 − 2M
r
+
Q2
m
r2
− Λ3 r2. Here Qm is the magnetic charge,
that can be also an electric charge, and M is the asymp-
totic mass of the object. At r → ∞ it has a dS asymp-
tote, when Λ > 0, a Minkowski one, when Λ = 0, and an
anti-de Sitter asymptote, when Λ < 0.
In the full nonminimal theory, there are several charac-
teristic scales. The scales set by q1, q2, q3, the scale set by
Λ, the magnetic charge scale Qm, and the mass scale M .
By an imposed choice we reduce the nonminimal param-
eters from three to two, having thus a five parameter so-
lution, with parameters q, q¯ say, Λ, Qm andM . We have
then five scales all of which are important in the modeling
of the causal structure of the nonminimally objects that
we find, namely, magnetic monopoles and black holes.
We show that in our nonminimal model the equation de-
termining the horizon radii can be reduced to an algebraic
equation of the sixth order and contains five parameters.
Other radii, like those defined by minima, maxima, and
inflection are important. For instance, for a positive cos-
mological constant, there is a critical Λc = Q
2
m/972q¯
2
for which the solution admits a quadruple horizon, the
existence of a Λc being reminiscent of the Λc = 4piρ/3
for a given energy density ρ that characterizes both the
Einstein static and Eddington-Lemaˆıtre dynamical uni-
verses. Thus, causal structure of these spacetimes is pre-
determined by the interplay between the characteristic
scales. Therefore, we deal now with a new classification
task and focus on its complete representation. We apply
our classification to the Drummond-Hathrell nonminimal
theory that describe nonminimal black holes and to the
set of regular black holes previously treated.
The paper is organized as follows. In Sec. II, we re-
vise the elements of the nonminimal Einstein-Yang-Mills
theory, the Wu-Yang-type solution for the gauge field
and write the nonminimal master equations of the model
reduced for a static spherically symmetric spacetime.
Sec. III is devoted to constrain the three nonminimal
parameters into two to have a five parameter family of
exact solutions of the nonminimally Einstein equations.
We present the solutions in an explicit form, discuss the
role of the nonminimal and the other parameters as well
as putting constraining on the whole set of parameters.
A preliminary analysis of the equations and horizons is
performed. In Secs. IV, V, and VI we present the com-
plete classification of the solutions for Λ > 0, Λ = 0 and
Λ < 0, respectively. In Sec. VII, we present a table which
summarized the classification of horizons. In Sec. VIII,
we discuss an example of the presented classification: we
consider the causal structure of the Drummond-Hathrell-
type nonminimal theory. In Sec. IX, we mention an ex-
ample of the presented classification: the nonminimal
regular black hole. In Sec. X, we conclude.
3II. NONMINIMAL EINSTEIN-YANG-MILLS
THEORY: GENERAL FORMALISM AND KEY
EQUATIONS FOR STATIC SPHERICALLY
SYMMETRIC OBJECTS
We follow the version of the nonminimal Einstein-
Yang-Mills theory, which has been formulated in [26] as
an SU(N) generalization of the three-parameter nonmin-
imal Einstein-Maxwell theory [20]. We recall its key ele-
ments.
A. General formalism and master equations
1. Action functional
The action functional for the nonminimal Einstein-
Yang-Mills theory we propose is
SNMEYM =
∫
d4x
√−g
{
R+ 2Λ
8pi
+
1
2
F
(a)
ik F
ik(a)
+
1
2
RikmnF (a)ik F (a)mn
}
. (1)
Here g = det(gik) is the determinant of a metric tensor
gik, R is the Ricci scalar, and Λ is the cosmological con-
stant. The Einstein constant 8piG
c4
is reduced to 8pi as
we use geometrical units, i.e., G = 1 and c = 1. Latin
indices without parentheses run from 0 to 3. F
(a)
mn is the
Yang-Mills field strength, with the group index being a
Latin index with parentheses, e.g., (a), running from 1 to
3. Repeated group indices should be summed with the
Kronecker delta. The nonminimal susceptibility tensor
Rikmn is defined as
Rikmn ≡ q1
2
R (gimgkn − gingkm)
+
q2
2
(Rimgkn −Ringkm +Rkngim −Rkmgin)
+ q3R
ikmn , (2)
where Rik and Rikmn are the Ricci and Riemann ten-
sors, respectively, and q1, q2, q3 are phenomenological
parameters describing the nonminimal coupling of the
Yang-Mills fields with gravitation.
2. SU(2)-symmetric Yang-Mills field
We consider the Yang-Mills fields taking values in the
Lie algebra of the gauge group SU(2),
Am = −i t(a)A(a)m , (3)
Fmn = −i t(a)F (a)mn . (4)
Here t(a) are the Hermitian traceless generators of the
SU(2) group, A
(a)
i and F
(a)
mn are the Yang-Mills field po-
tential and strength, respectively, and the group index
(a) runs from 1 to 3. The Yang-Mills fields F
(a)
mn are con-
nected with the potentials of the gauge field A
(a)
i by the
formulas
Fmn = ∇mAn −∇nAm + [Am, An] ,
F (a)mn = ∇mA(a)n −∇nA(a)m + f(a)(b)(c)A(b)m A(c)n . (5)
Here∇m is a covariant spacetime derivative and the sym-
bols f(a)(b)(c) ≡ ε(a)(b)(c) denote the real structure con-
stants of the gauge group SU(2).
The variation of the action (1) with respect to the
Yang-Mills potential A
(a)
i yields
DˆkH
ik ≡ ∇kHik +
[
Ak,H
ik
]
= 0 . (6)
The tensorHik = Fik+RikmnFmn is a non-Abelian ana-
log of the excitation tensor, known in electrodynamics.
This analogy allows us to considerRikmn as a susceptibil-
ity tensor. The gauge covariant derivative Dˆm is defined
as
Dˆm = ∇m + [Am, ] . (7)
3. Master equations for the gravitational field
Variation of the action functional SNMEYM, Eq. (1),
with respect to the metric gik yields
Rik − 1
2
Rgik = Λgik + 8piT
eff
ik . (8)
The effective stress-energy tensor T effik can be divided into
four parts:
T effik = T
YM
ik + q1T
I
ik + q2T
II
ik + q3T
III
ik . (9)
The first term
T YMik ≡
1
4
gikF
(a)
mnF
mn(a) − F (a)in F n(a)k , (10)
is the stress-energy tensor of the pure Yang-Mills field.
The definitions of the other three tensors are related to
the corresponding coupling constants q1, q2, q3. Thus,
T Iik = RT
YM
ik −
1
2
RikF
(a)
mnF
mn(a)
+
1
2
[
DˆiDˆk − gikDˆlDˆl
] [
F (a)mnF
mn(a)
]
, (11)
T IIik =
1
2
Dˆl
[
Dˆi
(
F
(a)
kn F
ln(a)
)
+Dˆk
(
F
(a)
in F
ln(a)
)]
− 1
2
gik
[
DˆmDˆl
(
Fmn(a)F l(a)n
)
−RlmFmn(a)F l(a)n
]
− F ln(a)
(
RilF
(a)
kn +RklF
(a)
in
)
−RmnF (a)im F (a)kn −
1
2
DˆmDˆm
(
F
(a)
in F
n(a)
k
)
, (12)
4T IIIik =
1
4
gikR
mnlsF (a)mnF
(a)
ls
− 3
4
F ls(a)
(
F
n(a)
i Rknls + F
n(a)
k Rinls
)
− 1
2
DˆmDˆn
[
F
n(a)
i F
m(a)
k + F
n(a)
k F
m(a)
i
]
. (13)
Now we consider the formulation of the master equa-
tions in the context of a static spherically symmetric
magnetic spacetime, with a Wu-Yang ansatz.
B. Wu-Yang ansatz and master equations reduced
to spherical symmetry
1. Exact Wu-Yang magnetic-type solution to the
Yang-Mills equations
The gauge field is considered to be characterized by
the Wu-Yang magnetic ansatz (see, e.g., [26–30] and ref-
erences therein), i.e.,
A0 = Ar = 0 , Aθ = itϕ, Aϕ = −iν sin θ tθ . (14)
The magnetic parameter ν is a nonvanishing integer. The
generators tr, tθ, and tϕ are position-dependent and are
connected with the standard generators t(1), t(2), and
t(3) of the SU(2) group as follows,
tr = cos νϕ sin θ t(1) + sin νϕ sin θ t(2) + cos θ t(3),
tθ = ∂θtr, tϕ =
1
ν sin θ
∂ϕtr . (15)
They satisfy the following commutation relations
[tr, tθ] = i tϕ , [tθ , tϕ] = i tr , [tϕ, tr] = i tθ . (16)
For this ansatz, the field strength tensor has only one
nonvanishing component,
Fθϕ = iν sin θ tr . (17)
Clearly, it is a magnetic-type solution and depends es-
sentially on the magnetic parameter ν.
2. Reduced gravity field equations
Let us now consider a static spherically symmetric
spacetime with metric given by
ds2 = σ2Ndt2 − dr
2
N
− r2 (dθ2 + sin2 θdϕ2) , (18)
where t, r, θ, ϕ spacetime spherical coordinates. Here σ
and N are functions depending on the radial variable r
only. Early Einstein-Maxwell models for such a metric
with a central electric charge [21–25] and a central mag-
netic charge [26–28] were studied in the case Λ = 0. In
[29, 30], we eliminated this condition, and, in particular,
in [30] we studied regular black holes with Λ positive and
negative.
The nonminimal gravity field equations in the spherical
symmetric static case have then the form
1−N
r2
− N
′
r
− Λ = ν
2
r4
[
1
2
− q1N
′
r
+ (13q1 + 4q2 + q3)
N
r2
− q1 + q2 + q3
r2
]
, (19)
1−N
r2
− N
′
r
− 2Nσ
′
rσ
− Λ = ν
2
r4
[
1
2
− q1N
′
r
− 2q1Nσ
′
rσ
− (7q1 + 4q2 + q3)N
r2
− q1 + q2 + q3
r2
]
, (20)
1
r
N ′ +N
σ′
rσ
+
3σ′
2σ
N ′ +N
σ′′
σ
+
1
2
N ′′ + Λ
=
ν2
r4
[
1
2
− 3q1σ
′N ′
2σ
− q1Nσ
′′
σ
− q1N
′′
2
− (7q1 + 4q2 + q3)
(
(σN)′
σr
− 2N
r2
)
+ (q1 + q2 + q3)
2
r2
]
. (21)
A prime denotes a derivative with respect to the radial
variable r. As usual, the compatibility conditions related
to the Bianchi identities are satisfied.
III. EXACT SOLUTIONS TO THE GRAVITY
FIELD EQUATIONS: FIVE -PARAMETER
FAMILY OF EXACT SOLUTIONS AND
GENERIC ANALYSIS
A. Five-parameter family of exact solutions
1. General equations
In spherical symmetry, Eq. (21) is a consequence of
Eqs. (19) and (20). The difference between Eq. (19) and
Eq. (20) gives an equation for the function σ(r) alone,
which does not depend on Λ, namely,
σ′
σ
(
1− 2Q
2
mq1
r4
)
=
2Q2m(10q1 + 4q2 + q3)
r5
. (22)
Then, Eq. (20) gives the key equation for the metric func-
tion N(r),
rN ′
(
1− 2Q
2
mq1
r4
)
+N
[
1 +
2Q2m
r4
(13q1 + 4q2 + q3)
]
= 1− Q
2
m
r2
+
2Q2m
r4
(q1 + q2 + q3)− Λr2 . (23)
In Eqs. (22) and (23),
Q2m = 4piν
2 , (24)
defining Qm as the magnetic charge of the solution.
52. The trivial solution
The trivial solution in this context is when q1, q2, and
q3 vanish,
q1 = q2 = q3 = 0 , (25)
Then in this limit, Eqs. (22)-(23), admit the solution
σ(r) = 1, and Eq. (23) yields the Reissner-Nordstro¨m
solution with a cosmological constant, i.e.,
σ(r) = 1 , (26)
N = 1− 2M
r
+
Q2m
r2
− 1
3
Λr2 . (27)
It is the minimally coupled magnetic Reissner-Nordstro¨m
solution with a cosmological constant.
3. Solution for q1 = 0
When q1 = 0, Eqs. (22)-(23) with the asymptotic con-
dition σ(r →∞)→ 1 yield
σ(r) = exp
(
−Q
2
m(4q2 + q3)
2r4
)
, (28)
N(r) = 1− Λr
2
3
− 1
r
exp
(
Q2m(4q2 + q3)
2r4
)
×

2M−Q2m
+∞∫
r
dx
x2
[
1− 2Λ
3
(4q2 + q3)
+
6q2
x2
]
exp
(
−Q
2
m(4q2 + q3)
2x4
)}
. (29)
In particular, if 4q2 + q3 = 0, we have a solution with
one independent nonminimal parameter, q2 say, and so
an overall four parameter solution, given by
σ(r) = 1, (30)
N(r) = 1− 2M
r
+
Q2m
r2
+
2Q2mq2
r4
− Λr2. (31)
This solution has an interest of its own, for instance, it
has a more complex causal structure than the Reissner-
Nordstro¨m solution. But here we want to discuss the
more general case when q1 6= 0 giving a solution which
in general has two independent nonminimal parameters,
and so it is a five parameter solution
4. General solution
To find the general solution we define ξ as
ξ ≡ 10q1 + 4q2 + q3
4q1
. (32)
Then, for generic q1, q2, q3, Eq. (22) together with the
asymptotic condition σ(r →∞)→ 1 yields
σ(r) =
(
1− 2Q
2
mq1
r4
)ξ
. (33)
The cases q1 = q2 = q3 = 0, and q1 = 0 and 4q2 + q3 = 0
are particular cases of Eq. (22) which we have mentioned.
Eq. (23) together with the asymptotic condition N(r →
∞)→ 1− Λr2/3 yields
N = 1− Λr
2
3
− 1
r
(
1− 2Q
2
mq1
r4
)−(ξ+1)
×

2M−
+∞∫
r
dx
x2
[
Q2m
[
1− 2Λ
3
(11q1 + 4q2 + q3)
]
+
6Q2m
x2
(4q1+q2)
](
1−2Q
2
mq1
x4
)ξ}
, (34)
The general setup provided by Eqs. (32)-(34) yields, so
far, a six-parameter family of exact solutions: the three
nonminimal parameters q1, q2, and q3, the cosmological
constant Λ, the magnetic charge Qm of the Wu-Yang
gauge field, and the mass M of the solution.
5. General analysis
Equations (32)-(34) yield a six-parameter family of ex-
act solutions. The parameters are the three nonminimal
parameters q1, q2, and q3, the cosmological constant Λ,
the magnetic charge parameter Qm, and the asymptotic
mass M . We now choose one appropriate relation be-
tween the three nonminimal parameters q1, q2, and q3
and reduce the family to a five-parameter family of exact
solutions. For that we have to discuss the parameter ξ
given in Eq. (32). To find constraints on the parameter
ξ, and so, on q1, q2, and q3, we study the behavior of the
functions at some finite r, r →∞, and r → 0.
For some finite r, we find that we should put q1 ≤ 0.
This is because for some finite r, when q1 > 0 nasty
singularities appear in σ(r) and N(r) in Eqs. (33)-(34).
The case q1 = 0 was treated before and it has curvature
singularities at r = 0. Thus we put
q1 < 0 . (35)
When r → ∞, these solutions, Eqs. (33)-(34), asymp-
totically behave as
σ = 1 +
2Q2mq1
r4
ξ + . . . , (36)
N = −Λr
2
3
+ 1− 2M
r
+
Q2m
r2
[
1− 2Λ
3
(11q1 + 4q2 + q3)
]
+
2Q2m
r4
(4q1 + q2) + . . . . (37)
6Thus, σ(∞) = 1 for arbitrary ξ. As for N(r → ∞), it
displays a dS asymptotic behavior when Λ is positive,
a Minkowski asymptotic behavior when Λ = 0, and an
AdS behavior when Λ is negative. Thus, there are no
constraints on the parameter ξ in the limit r→∞.
When r → 0 the analysis is subtle. It should be divided
into two cases, ξ < −3/4 and ξ ≥ −3/4.
ξ < −3/4: When ξ ≤ −3/4 and q1 < 0, we have σ(0) = 0
and N(0) =∞; when q1 = 0 and 4q2+q3 > 0, the metric
functions have the same behavior at the origin; if q1 = 0
and 4q2 + q3 < 0, σ(0) = ∞ and N(0) is finite. Finally,
if q1 = 0, 4q2 + q3 = 0, but q2 6= 0, we have σ(0) = 1
and N(0) = ∞. From the point of view of invariants
divergency, all these cases blow up at the origin faster
than 1/r4.
ξ ≥ −3/4: When ξ ≥ −3/4 and q1 = 0 curvature singu-
larities appear at the origin. On the other hand, when
ξ ≥ −3/4 and q1 < 0, the Ricci scalar square, the Ricci
tensor square scalar, and the Kretschmann scalar are
given as r → 0 by,
R2 =
4
r4
[4ξN(0)(4ξ − 1) +N(0)− 1]2 . (38)
RikR
ik = 2
r4
[
32ξ2N(0)2(8ξ2 + 1)−
8ξN(0)(N(0)− 1) + (N(0)− 1)2] , (39)
RikmnR
ikmn = 4
r4
[
16ξ2N(0)2(16ξ2 + 8ξ + 3)+
(N(0)− 1)2] , (40)
respectively, and where N(0) is N(r) at r = 0, i.e.,
N(0) = 1− 3(4q1 + q2)
q1(4ξ + 3)
=
q1 + q2 + q3
13q1 + 4q2 + q3
. (41)
So all quadratic curvature invariants behave at r → 0
according to the formula
Inv(r→ 0) = C
r4
, (42)
for some constant C that can be extracted from Eqs. (38)-
(41). We find that C ≥ 0. The case C = 0 happens when
N(0) = 1 and ξ = 0. In this case, all invariants are zero
at the center everywhere and the corresponding solutions
yield regular objects and regular black holes. This case
has been treated in [30]. Although important this case is
too particularized. In order to pick up a more general and
also interesting case for ξ > −3/4 and q1 < 0, we have
to address the behavior of the functions σ(r) and N(r).
(a) The case N(0) finite (and not equal to 1) and ξ = 0
stands out clearly. In this case, σ(0) = 1, g00(0) = N(0)
is finite and grr(0) = 1/N(0) is also finite. Thus, the
singularities that appear at r = 0 are of the conical type
and so are milder singularities. To be complete let us
list the other cases: (b) when N(0) = 1 and −3/4 <
ξ < 0, then σ(0) = 0, g00(0) = 0, grr(0) 6= ∞; (c) when
N(0) 6= 1, N(0) 6= 0, but −3/4 < ξ < 0, here σ(0) = 0
and g00(0) = 0, grr(0) 6= ∞; (d) when N(0) = 0, and
−3/4 < ξ < 0, here σ(0) = 0 and g00(0) = 0, grr(0) =∞.
We opt for studying case (a) in detail.
So, below we consider models with ξ = 0, or 10q1 +
4q2 + q3 = 0, and q1 < 0 only, thus reducing the six-
parameter family of solutions to a five-parameter one.
This five-parameter family of solutions has many partic-
ular cases. The trivial case q1 = q2 = q3 = 0, and the
case q1 = 0 and q2 and q3 free have already been treated
and will not take part in the following analysis. The case
10q1 + 4q2 + q3 = 0 and 4q1 + q2 = 0 is the regular black
hole case already mention and studied in detail in [30].
And, of course, there are other examples as we will see
below.
So let us consider explicitly the condition ξ = 0, i.e.,
10q1 + 4q2 + q3 = 0 , (43)
which guarantees that σ(r) = 1. We define q and q¯ such
that
q ≡ −q1 , (44)
q¯ ≡ q2 + 3q1 , (45)
so that from Eq. (43), we find
− 2q − 4q¯ = q3 . (46)
Due to Eq. (43), we have now two nonminimal parame-
ters, q and q¯, instead of the initial three. From Eq. (35),
assume q > 0, so that there are no wild singularities at
finite r.
6. Explicit five-parameter family of solutions with two
nonminimal parameters q and q¯, Λ, Qm, and M
We thus deal with a five-parameter family of solutions,
q, q¯, Λ, Qm, and M , instead of six. The metric functions
σ(r) and N(r) take then the following explicit form
σ(r) ≡ 1 , (47)
N = 1− Λr
2
3
+
r2Q2m
(
1 + 2Λq3
)
− 2Mr3 + 2Q2m(q¯ − q)
r4 + 2Q2mq
,
(48)
When q > 0, this function is finite for all finite values of
r, and the value N(0) is equal now to N(0) = q¯
q
. The first
derivative takes zero value at the center, N ′(0) = 0. The
second derivative at the centerN ′′(0) = 1
q
depends on the
nonminimal coupling parameter q only, and is positive
for q > 0. This means that r = 0 is the minimum of
the regular function N(r), which near the center has the
form
N(r) =
q¯
q
+
1
2q
r2 + ... . (49)
7In addition to the root r = 0, the equation N ′(r)=0 can
have other root r = rmin > 0 related to a minimum of the
function N(r). Clearly, at this radius any massive parti-
cle can be in a stable equilibrium. This point is a finite r
equilibrium point in contrast to the central equilibrium
point r = 0.
7. Roles and constraints on the five parameters q and q¯, Λ,
Qm, and M
We now discuss the roles and constraints on the five
parameters q, q¯, Λ, Qm, and M . As we have pointed out
the parameter q must obey
q > 0 , (50)
such that there are no singularities at some finite r. The
parameter q¯ should obey
−∞ < q¯ <∞ , (51)
i.e., it is not restricted.
The main role of the parameter Λ is at infinity. At
r = 0 the cosmological term Λr2 vanishes. At infinity
one has a spacetime asymptotically dS for
Λ > 0 , (52)
asymptotically Minkowski for
Λ = 0 , (53)
and asymptotically AdS for Λ < 0. From Eq. (48),
we see that in order to have a solution with Q2effm ≡
Q2m
(
1 + 2Λq3
)
≥ 0, we must impose
− 3
2q
≤ Λ < 0 . (54)
The parameter Q2m ≡ 4piν2 is the magnetic charge
of the Wu-Yang field. Not wanting to consider imagi-
nary Wu-Yang magnetic charge ν we discuss solutions
for which
Q2m > 0 . (55)
Moreover, the redefined nonminimal coupling constants
q and q¯ enter the solutions given in Eq. (48) in the form
of a product with Q2m. This means that the case Qm = 0
does not yield nonminimal solutions. In addition, one
sees that indeed the product (Q2mq)
1
4 plays the role of
an effective nonminimal scale (see, Eq. (48)), and the
value of (Q2mq)
1
4 predetermines the number and type of
horizons.
The parameter M is the asymptotic mass. In order to
have the usual solutions with positive mass at infinity,
we impose
M > 0 . (56)
B. Horizon classification: Auxiliary function and
preliminary analysis
When Eq. (48) obeys
N(rh) = 0 , (57)
and the roots rh are real and positive, we are in the
presence of horizons at those radii. Since the equation
N(rh) = 0 can be reduced to an algebraic equation of
order six, the number of horizons is not more than six.
We show that, in fact, the number of horizons cannot be
more than four.
The horizon number is of major importance in the
study of any spacetime causal structure. In this structure
it is also important to classify the horizons and visualize
them in figures. In order to classify the solutions with
a different number of horizons, we used here a method
applied earlier [27] (see also [30]). This method is based
on the introduction of an auxiliary function f(r) in the
following context. The equation N(r) = 0 with N(r)
given in Eq. (48) can be rewritten in the form
2M = f(r) , (58)
f(r) ≡ −Λr
3
3
+ r +
Q2m
r
+
2Q2mq¯
r3
. (59)
To count the horizon number we have to determine the
number of points in which the plot of the function y =
f(r) is crossed by the horizontal mass line y = 2M . From
a physical point of view, this procedure shows how many
horizons there are, when the mass of the object is equal
to M . Clearly, the parameter q¯ regulates the behavior of
f(r) at r → 0, and the parameter Λ predetermines the
behavior of f(r) at r →∞. Thus, these two parameters
are the principal parameters in this analysis. Below we
describe the details of the corresponding classification.
To proceed we have to analyze the equation f ′(r) = 0
which gives the extrema of the function f(r). The equa-
tion f ′(r) = 0 can be rewritten as the bicubic equation
Λr6 − r4 +Q2mr2 + 6Q2mq¯ = 0 . (60)
We also have to analyze the important equation
f ′′(r) = 0 which can also be rewritten as the following
bicubic equation
− Λr6 +Q2mr2 + 12Q2mq¯ = 0 . (61)
First we analyze the f ′(r) = 0 equation. Consider-
ing then the bicubic equation, Eq. (60), in terms of the
auxiliary quantity,
X ≡ r2 − 1
3Λ
, (62)
one gets a cubic equation of the form
X3 + LX +M = 0 . (63)
8The corresponding discriminant D = −(4L3 + 27M2) is
now of the form,
D = − 3Q4m2Λ4
{(
1 + 18Λq¯ +
Q2
m
27q¯
)2
−
[(
1 +
2Q2
m
54q¯
)2
+ 13 + 8
q¯
Q2
m
]}
. (64)
Equation (63) gives three roots X1, X2, X3, with prop-
erties
X1X2X3 = −6Q
2
mq¯
Λ
, X1 +X2 +X3 =
1
Λ
. (65)
Clearly, when q¯ is negative and Λ is positive, it is admis-
sible that all three roots are positive, thus, three is the
maximal number of extrema. When D = 0, we deal with
a special value of the parameter, Λspecial, given by
Λspecial =
1
18q¯

−(1 + Q2m
27q¯
)
±
√(
1 +
Q2m
18q¯
)3
8q¯
Q2m

 .
(66)
When q¯ ≥ −Q2m18 , Λspecial is real. When q¯ = −
Q2
m
18 , we
have that Λspecial =
1
3Q2
m
, which is positive.
We also have to analyze the important equation
f ′′(r) = 0, i.e., Eq. (61). This equation gives the inflexion
points of the function f(r). The analysis on the number
of inflexion points, provided by Eq. (61) is a convenient
tool for the required classification. The analysis of ex-
trema, derived from Eq. (60), is a supplementary tool
describing some details of the classification. In terms of
the auxiliary variable,
Y ≡ r2 , (67)
Eq. (61) gives a cubic equation of the type
Y 3 + PY +Q = 0 , (68)
for which the discriminant is ∆ ≡ −(4P 3 + 27Q2), i.e.,
∆ =
Q6m
Λ2
(
1
Λ
− 972
Q2m
q¯2
)
. (69)
The product and the sum of the roots of Eq. (68) are,
respectively,
Y1Y2Y3 =
12Q2mq¯
Λ
, Y1 + Y2 + Y3 = 0 . (70)
Since the sum of roots is equal to zero, at least one real
root is negative or the real part of complex conjugated
pair of roots is negative. Thus, two is the maximal num-
ber of inflexion points. Since the sign of the product
Y1Y2Y3 of the roots depends on the ratio of the param-
eters q¯, Λ, and Q2m, (see Eq. (70)), for the Λ > 0 case,
below we distinguish eight different situations using the
critical value of the cosmological constant Λc, for which
the discriminant ∆ vanishes, i.e.,
Λc =
Q2m
972 q¯2
. (71)
So, clearly, Λc > 0. The existence of a Λc is reminiscent of
the Λc = 4piρ/3 for a given energy density ρ that charac-
terizes both the Einstein static and Eddington-Lemaˆıtre
dynamical universes.
According to these preliminary considerations, the
classification of horizons can be based on the analysis
of the Eqs. (58)-(59) with respect to the parameters q¯
and Λ. Below, we fix the cosmological constant accord-
ing to Λ > 0, Λ = 0, and Λ < 0, and vary the parameter
q¯.
IV. EXACT SOLUTIONS WITH A POSITIVE
COSMOLOGICAL CONSTANT, Λ > 0
The case Λ > 0 is subdivided into q¯ < 0 and q¯ ≥ 0.
Moreover, when the cosmological constant is positive,
Λ > 0, the discriminant ∆ in Eq. (69) can be positive,
vanishing, or negative. This means that there is a criti-
cal value of the cosmological constant Λc which we have
found previously, see Eq. (71), given by Λc =
Q2
m
972 q¯2 , with
Λc > 0. So, in the analysis of the case Λ > 0 we have to
distinguish the cases 0 < Λ < Λc, Λ = Λc and Λ > Λc.
All panels and plots for this Λ > 0 case are shown in
Fig. 1.
A. The case q¯ < 0 and Λ > 0
Here, Eqs. (59), (60), and (61) yield
f(r) = −|Λ|r
3
3
+ r +
Q2m
r
− 2Q
2
m|q¯|
r3
, (72)
|Λ|r6 − r4 +Q2mr2 − 6Q2m|q¯| = 0 , (73)
−|Λ|r6 +Q2mr2 − 12Q2m|q¯| = 0 , (74)
respectively. The analysis proceeds as in the previous
section.
(1) 0 < Λ < Λc
In this case, the discriminant given by Eq. (69) is positive,
there are three real different roots Y1, Y2 and Y3, and two
of them are positive (see Eq. (70)). These two positive
real roots ri1 and ri2 of Eq. (74), are such that ri1 6= ri2,
i.e., there are two noncoinciding inflexion points of the
function f(r). As for the roots X1, X2, X3 of Eq. (73)
(see Eq. (65) for the analysis of their signs) one finds
that there are three possibilities: there is the possibility
of three different real positive roots, the possibility of one
real positive root, and the possibility of three real positive
roots two of which coincide. The case when three real
roots coincide does not give two inflexion points, it is a
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FIG. 1: Λ > 0. Sketches of the auxiliary function f(r) = − 1
3
Λr3 + r + Q2mr
−1 + 2Q2mq¯r
−3 for positive cosmological constant
Λ > 0. At the points rh, in which the horizontal mass line y = 2M crosses the curve of the function y = f(r), the metric
function N(r) takes zero values, i.e., the spheres r = rh are horizons. Panels (1a), (1b), (1c) (1d), and (1e) show typical cases
for which q¯ < 0, and panels (1f), (1g), and (1h) illustrate the cases for q¯ ≥ 0. In panel (1a) the plot of the function f(r)
displays two inflexion points and three extrema. Depending on the mass M , and thus on the mass line y = 2M , one can
find, counting the intersections from top to bottom, zero, one, two, three, four, three, and two cross-points with y = f(r),
respectively. So the spacetime can contain the following number of horizons: zero, one double, two simple, two simple plus one
double (corresponding to a maximum), four simple, one simple plus one double (corresponding to a minimum) plus one simple,
and two simple one of them being a distant one, horizons. In the case when the heights of the two maxima are equal one gets
two double horizons. Also, it is possible that the left maximum of the auxiliary function is lower that the right maximum. The
number of horizons remains the same and we find that there is no need to display this curve. Panel (1b) illustrates the solutions
with two inflexion points and one maximum. The corresponding number of horizons can be zero, one double, and two simple
horizons. Panel (1c) shows solutions for which the second inflexion point coincides with one minimum and one maximum. This
case admits zero, one double, two simple, one simple plus one triple, and two simple one of them is a distant one, horizons.
Panel (1d) corresponds to the situation, when all inflexion and extremal points coincide, i.e., two maxima coincide with a
minimum and two inflexion points. This case admits zero, one quadruple, and two simple horizons one of them is a distant one.
Panel (1e) illustrates the case, when there are no inflexion points and there is only one extremum, a maximum. In this case
there are zero, one double, and two simples horizons, one of them is a distant one. Panel (1f) depicts the case where one has an
inflexion point and there are no extrema. In this case there is only one simple horizon. Panel (1g) corresponds to the situation
where there is one inflexion point and a pair of extrema, a minimum comes first, and a maximum comes second. Depending
on the mass M one can obtain one, one plus a double one, three simple, a double one plus one distant simple horizon, and one
distant simple horizon. Panel (1h) illustrates the case, when the minimum, the inflexion point, and the maximum coincide.
Here the possibilities are: one simple horizon, a triple horizon, and one distant simple horizon.
degenerated case. As for the function f(r) itself we find
that f(0) = −∞ and f(∞) = −∞. Thus, taking into
account altogether there are three main situations.
The first situation is described in panel (1a) of Fig. 1.
The function has one local minimum, two local max-
ima, and two inflexion points between the correspond-
ing maxima and minimum. The horizontal mass line can
cross this plot zero, one, two, three and four times. This
means, that this model can admit zero, one double, two
simple, two simple plus one double (corresponding to a
maximum), and four simple horizons. In the case when
the heights of the two maxima are equal one gets two dou-
ble horizons. There is also a situation where two simple
plus one double (corresponding to a minimum) horizon
exist, and a different situation where there are two simple
horizons, one of them is a distant one.
The second situation is described in panel (1b) of
Fig. 1, it has only local maximum. Thus, this model
admits zero, one double, and two simple horizons.
The third situation is described in panel (1c) of Fig. 1,
it is characterized by the coincidence of the minimum
with one maximum and one inflexion point. This case
admits zero, one double, two simple, and two horizons,
one is simple and the other is triple. There is also a
different situation where two simple horizons exist, one
of them is a distant one.
Thus, in the case q¯ < 0 and 0 < Λ < Λc we obtain
models with zero, one, two, three, or four horizons.
(2) Λ = Λc
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When the discriminant given by Eq. (69) vanishes,
Eq. (74) takes the simple multiplicative form (r2 −
18|q¯|)2(r2 + 36|q¯|) = 0. Clearly, for negative q¯ there
are two coinciding real positive roots of this equation,
ri = 3
√
2|q¯|, and thus, there is one double inflexion point
for the function f(r). If, in addition, |q¯| = Q2m/18, i.e.,
q¯ = −Q2m/18, Eq. (73) converts into (r2 − Q2m)3 = 0,
and thus, two maxima coincide with the minimum at
r = |Qm| and coincides with double inflexion point
ri = 3
√
2|q¯|. We also have f(0) = −∞ and f(∞) = −∞.
The sketch of the corresponding function f(r) is repre-
sented in panel (1d) of the Fig. 1. It can be considered
as a limiting case of panel (1b). This case admits zero,
one quadruple, and two simple horizons, one of them is
a distant one.
(3) Λ > Λc
When the discriminant given by Eq. (69) is negative,
there is one real root Y1, and it is negative. So, there are
no real positive roots and no inflexion points of the func-
tion f(r). Again f(0) = −∞ and f(∞) = −∞. There
is only one variant with one extremum, a maximum of
the function f(r). See panel (1e) of Fig. 1. In this case
there are zero, one double, and two simples horizons, one
of them is a distant one.
B. The case q¯ ≥ 0 and Λ > 0
For q¯ = 0, Eqs. (59), (60), and (61) are given by
f(r) = −|Λ|r
3
3
+ r +
Q2m
r
, (75)
|Λ|r6 − r4 +Q2mr2 = 0 , (76)
−|Λ|r6 +Q2mr2 = 0 , (77)
respectively.
One has one inflexion point ri =
(
Q2
m
|Λ|
) 1
4
, there are at
most two extrema at rextr1 =
√
1
2|Λ|
(
1 +
√
1− 4Q2m|Λ|
)
and rextr2 =
√
1
2|Λ|
(
1−
√
1− 4Q2m|Λ|
)
, and at
4Q2m|Λ| = 1 the extrema coincide with the inflexion
point. Also, f(0) = +∞, f(∞) = −∞. For q¯ = 0,
at r = 0 one has a horizon that is singular. Apart from
this initial analysis q¯ = 0 and q¯ > 0 have the same type
of behavior.
We analyze it in the following for a generic q¯ > 0. Here,
Eqs. (59), (60), and (61) yield
f(r) = −|Λ|r
3
3
+ r +
Q2m
r
+
2Q2m|q¯|
r3
, (78)
|Λ|r6 − r4 +Q2mr2 + 6Q2m|q¯| = 0 , (79)
−|Λ|r6 +Q2mr2 + 12Q2m|q¯| = 0 , (80)
respectively.
(1) 0 < Λ < Λc
Here the discriminant given in Eq. (69) is positive and
there are three real roots Y1, Y2 and Y3. Since the product
of the roots is positive and the sum is equal to zero, two
of them should be negative and one positive. This means
that there exists only one positive real value ri, the root
of Eq. (80), indicating one inflexion point of the function
f(r). The product of the roots X1, X2, X3 is negative
and their sum is positive. Thus, one has two possibilities:
first, there is a pair of complex conjugated roots and one
negative real root, and second, there are two positive and
one negative real roots. The case with three negative real
roots should be excluded. Taking into account that in
this case f(0) = +∞ and f(∞) = −∞, we see that there
are three possible situations.
The first situation is described in panel (1f) of Fig. 1.
There is one inflexion point but there are no extrema.
The mass line crosses the curve only once, and this means
that inevitably there is one and only one simple horizon.
The second situation is described in panel (1g) of
Fig. 1. The curve f(r) has one local minimum, one local
maximum and one inflexion point between them. De-
pending on the mass M one can obtain one, one plus a
double one, three simple, a double one plus one distant
simple horizon, and one distant simple horizon.
The third situation is described in panel (1h) of Fig. 1.
This case is degenerated, i.e., the maximum, the mini-
mum and the inflexion points coincide. One can have one
simple horizon, a triple horizon, and one distant simple
horizon.
Thus, in the case q¯ > 0 and 0 < Λ < Λc we obtain
models with at least one horizon, and two or three hori-
zons can appear for specific values of the mass M .
(2) Λ = Λc
The discriminant in Eq. (69) vanishes. There are three
real roots: one positive and two coinciding negative roots.
Thus, there is one real positive root r1i, and so one in-
flexion point of the function f(r). Since f(0) = +∞ and
f(∞) = −∞, the plots of this function f(r) are given in
panels (1f), (1g) and (1h) of Fig. 1.
(3) Λ > Λc
The discriminant in Eq. (69) is negative. There is one
real positive root, say, Y1, so one positive real root r1i,
and thus one inflexion point of the function f(r). Since
f(0) = +∞ and f(∞) = −∞, we deal with one of the sit-
uations described in panels (1f), (1g), and (1h) of Fig. 1.
V. EXACT SOLUTIONS WITH ZERO
COSMOLOGICAL CONSTANT, Λ = 0
The case Λ = 0 is subdivided into q¯ < 0 and q¯ ≥ 0. All
panels and plots for this Λ = 0 case are shown in Fig. 2.
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FIG. 2: Λ = 0. Sketches of the auxiliary function f(r) = r + Q2mr
−1 + 2Q2mq¯r
−3 for zero cosmological constant Λ = 0. At
the points rh, in which the horizontal mass line y = 2M crosses the curve of the function y = f(r), the metric function N(r)
takes zero values, i.e., the spheres r = rh are horizons. The plots on panels (2a), (2b), (2c) show typical cases for which q¯ < 0,
and panel (2d) illustrates the cases for q¯ ≥ 0. In panel (2a) the plot of the function f(r) displays one inflexion point and two
extrema. Depending on the mass M , and thus on the mass line y = 2M , one can find one, one double plus one simple, three
simple, one simple plus one double, and one simple horizon. In the case the extrema coincide one has a quadruple horizon, not
shown in panel. In panel (2b) the inflexion point coincides with an extremum. One can find one simple horizon. In panel (2c)
there is one inflexion point and no extrema. One can find one simple horizon. In panel (2d) there are no inflexion points and
there is one extremum, a minimum. In this case there are zero, one double, and two simple horizons.
A. The case q¯ < 0 and Λ = 0
Here, Eqs. (59), (60), and (61) yield
f(r) = r +
Q2m
r
− 2Q
2
m
r3
|q¯| , (81)
r4 −Q2mr2 + 6Q2m|q¯| = 0 , (82)
r2 = 12|q¯| , (83)
respectively. Clearly, the case Λ = 0 is much sim-
pler for classification than Λ > 0, since Eq. (83) is
now a quadratic equation (instead of bicubic) for ob-
taining the inflexion point, and Eq. (82) is a biquadratic
equation for obtaining of extrema, instead of the cor-
responding bicubic equation. The auxiliary function
f(r), Eq. (81), has the following asymptotic properties:
f(0)=−∞, f(∞)=∞. There is one inflexion point at
r=
√
12|q¯|. The parameter 24q¯
Q2
m
is now the critical param-
eter of the model, and we have three intrinsic situations.
The first situation is displayed on panel (2a)
of Fig. 2 and corresponds to the case when
24q¯
Q2
m
< 1. There are two extrema: the maximum
at rextr1=
√
Q2
m
2 −
√
Q4
m
4 −6Q2m|q¯|, and minimum at
rextr2=
√
Q2
m
2 +
√
Q4
m
4 −6Q2m|q¯|). There are a first and
a second distinguishing masses M1 =
1
2f(r1) and
M2 =
1
2f(r2). When M < M2 there is one simple
horizon. When M = M2, there are one simple horizon
and one double distant horizon. When M2 < M < M1
there are three simple horizons. When M = M1 there
are one double horizon and one simple distant horizon.
When M >M1 there is one simple distant horizon.
The second situation is displayed on panel (2b) of Fig. 2
and corresponds to the case when 24q¯
Q2
m
= 1. Now the
maximum, minimum and inflexion points coincide. We
have now only one distinguishing mass Mt. When M <
Mt, there is one simple horizon. When M = Mt the
horizon is triple. When M > Mt, there is one simple
distant horizon.
The third situation is displayed on panel (2c) of Fig. 2
and corresponds to the case when 24q¯
Q2
m
> 1. Here there
are no extrema. There are no distinguishing masses, and
there is one simple horizon.
B. The case q¯ ≥ 0 and Λ = 0
The case q¯ = 0 is simple. Eqs. (59), (60), and (61)
yield here
f(r) = r +
Q2m
r
, (84)
−r4 +Q2mr2 = 0 , (85)
r2 = 0 , (86)
respectively. So f(r) has no inflexion points and pos-
sesses one minimum at rmin=Qm. There is one distin-
guishing mass, M1 =
1
2f(rmin) = Qm. When M < M1,
there are no horizons. When M = M1, we obtain one
double horizon. When M > M1, there are two simple
horizons, see the sketch on panel (2d) of Fig. 2.
For the case q¯ > 0 and Λ = 0, Eqs. (59), (60), and (61)
yield
f(r) = r +
Q2m
r
+
2Q2mq¯
r3
, (87)
− r4 +Q2mr2 + 6Q2mq¯ = 0 , (88)
r2 + 12q¯ = 0 , (89)
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respectively. Clearly, Eq. (89) has no real roots and
thus there are no inflexion points. Eq. (88) has one real
positive root rmin=
√
Q2
m
2 +
√
Q4
m
4 +6Q
2
mq¯, which gives the
minimum of f(r). Eq. (87) has asymptotic values
f(0)=∞ and f(∞)=∞. See the sketch on panel (2d)
of Fig. 2. As in the previous case q¯=0 we can find zero,
one double or two simples horizons.
VI. EXACT SOLUTIONS WITH A NEGATIVE
COSMOLOGICAL CONSTANT, Λ < 0
The case Λ < 0 is subdivided into q¯ < 0 and q¯ ≥ 0. All
panels and plots for this Λ < 0 case are shown in Fig. 3.
A. The case q¯ < 0 and Λ < 0
Here, Eqs. (59), (60), and (61) yield
f(r) =
|Λ|r3
3
+ r +
Q2m
r
− 2Q
2
m|q¯|
r3
, (90)
− |Λ|r6 − r4 +Q2mr2 − 6Q2m|q¯| = 0 , (91)
|Λ|r6 +Q2mr2 − 12Q2m|q¯| = 0 , (92)
In this case the discriminant ∆ in Eq. (69) is negative,
thus, there is only one real root, say, Y1, the other two
roots Y2 and Y3 are conjugated complex numbers. Since
the product Y1Y2Y3 according to Eq. (70) is positive, the
real root Y1 should be positive. This means that there
exists one real positive root ri=
√
Y1 and thus the function
f(r) has one inflexion point. Since f(0) = −∞, f(∞) =
+∞, the plots of the function f(r) can be of the type
(3a), (3b) or (3c) of Fig. 3. All these three sketches have
one inflexion point, and the difference between them is
predetermined by the number of extrema, i.e., by the
number of real positive roots of Eq. (91), X1, X2, X3.
Since the sum and the product of these quantities are
negative (see Eq. (65)), there are three possibilities: only
one real negative root, three negative real roots, and two
positive real roots and one negative real root.
When the positive roots X1 and X2 do not coincide,
one can find one maximum and one minimum, as on the
sketch depicted on panel (3a) of Fig. 3. When X1=X2,
three points coincide: the maximum, minimum and in-
flexion point, see the sketch displayed on panel (3b) of
Fig. 3. In the first and second cases there are no ex-
trema, and we obtain the sketch depicted on panel (3c)
of Fig. 3.
According to the sketches (3a), (3b), (3c) the horizontal
mass line can cross the plot of the function f(r) once, two
or three times. This means that this submodel can ad-
mit one simple horizon, three simple horizons, one triple
horizon and two horizons, one of them being a double
horizon. In other words, it is guarantied that there is at
least one horizon in this model for any value of the mass
M .
B. The case q¯ ≥ 0 and Λ < 0
In the case q¯ = 0 Eqs. (59), (60), and (61) yield
f(r) =
|Λ|r3
3
+ r +
Q2m
r
, (93)
r2
(−|Λ|r4 − r2 +Q2m) = 0 , (94)
r2
(|Λ|r4 +Q2m) = 0 , (95)
respectively. Clearly, when Λ < 0, there are no inflexion
points. There is only one extremum, a minimum given
by rmin=
√
1
2|Λ|
(√
1+4Q2m|Λ|−1
)
. Also f(0)=+∞ and
f(∞)=+∞. The plot of the function f(r) has the form
of the sketch displayed on panel (3d) of Fig. 3. In this
case one can find explicitly the critical value of the mass,
Mc. Using the equality Mc =
1
2f(rmin) one finds
Mc =
1
3
(
rmin +
2Q2m
rmin
)
. (96)
When M < Mc, the mass line does not cross the plot of
f(r), i.e., the corresponding object does not have hori-
zons. When the mass exceeds the critical one, M > Mc,
the mass line crosses the plot twice, and two horizons ap-
pear. Finally, when M=Mc, there is one double horizon.
In the case q¯ > 0 and Λ < 0, Eqs. (59), (60), and (61)
yield
f(r) =
|Λ|r3
3
+ r +
Q2m
r
+
2Q2m|q¯|
r3
, (97)
− |Λ|r6 − r4 +Q2mr2 + 6Q2m|q¯| = 0 , (98)
|Λ|r6 +Q2mr2 + 12Q2m|q¯| = 0 , (99)
In this case the discriminant in Eq. (69) is negative and
there is only one real root. Since the product of the roots
is now negative, the real root is also negative. Thus,
there are no real roots, and so there are no inflexion
points. There exists a minimum of the function f(r),
since f(0) = +∞ and f(∞) = +∞. The plot of this
function f(r) is depicted in panel (3d) of Fig. 3. This
model admits two simple or one double horizons. The
horizons can disappear when the massM is less than the
critical mass, related to the minimal value of the function
f(r).
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(3a) (3b) (3c) (3d)
FIG. 3: Λ < 0. Sketches of the auxiliary function f(r)=− 1
3
Λr3+r+Q2mr
−1+2Q2mq¯r
−3 for negative cosmological constant Λ < 0.
At the points rh, in which the horizontal mass line y = 2M crosses the curve of the function y = f(r), the metric function N(r)
takes zero values, i.e., the spheres r = rh are horizons. The plots on panels (3a), (3b), (3c) show typical cases for which q¯ < 0,
and panel (3d) illustrates the cases for q¯ ≥ 0. In panel (3a) the plot of the function f(r) displays one inflexion point and two
extrema. Depending on the mass M , and thus on the mass line y = 2M , one can find one, one double plus one simple, three
simple, one simple plus one double, and one simple horizon. In the case the extrema coincide one has a quadruple horizon, not
shown in panel. In panel (3b) the inflexion point coincides with an extremum. One can find one simple horizon. In the panel
(3c) there is one inflexion point and no extrema. One can find one simple horizon. In panel (3d) there are no inflexion points
and there is one extremum, a minimum. In this case there are zero, one double, and two simple horizons.
VII. SHORT RESUME´
In Table I we present a summary of the results of the classification of the five-parameter family of exact solutions
with respect to number of horizons and their type, i.e., whether they are single, double, triple, or quadruple. We use
in this table the following symbols: we write 0 when there are no horizons; 1s, 2s, 3s, and 4s means one, two, three,
and four simple horizons, respectively; 1d and 2d to denote one and two double horizons, respectively; the symbol
1t to mean one triple horizon; and 1q to mean one quadruple horizon. We also use the following expressions: 1s+1d
means that there are one simple and one double horizon; 2d+2d means two double horizons. The entries in the table
are given by the nonminimal parameter q¯ (for the cases q¯ < 0 and q¯ ≥ 0) and the cosmological constant Λ (for the
cases Λ < 0, Λ = 0, 0 < Λ < Λc, Λ = Λc, and Λ > Λc), where Λc is the critical value of the cosmological constant
Λc ≡ Q
2
m
972q¯2 , see Eq. (71).
Λ < 0 Λ = 0 0 < Λ < Λc Λ = Λc Λ > Λc
q¯ < 0 1s; 3s; 1t; 1s+1d 1s; 3s; 1t; 1s+1d 0; 1d; 2s; 2s+1d; 4s; 2d; 1s+1t; 1q 0; 1d; 2s; 1s+1t; 1q 0; 2s; 1d
q¯ ≥ 0 0; 2s; 1d 0; 2s; 1d 1s; 1s+1d; 3s; 1t 1s; 1s+1d; 3s; 1t 1s; 1s+1d; 3s; 1t
TABLE I: The number of horizons in the five-parameter family of exact solutions as a function of the nonminimal parameter
q¯ and the cosmological constant Λ.
We have now completed the classification of the black holes and horizons existent in these spherical symmetric
nonminimal models. We will give below two examples where this classification fits. These examples are typical cases
for q¯ < 0 and q¯ ≥ 0. They are the Drummond-Hathrell model and the regular black hole, respectively.
VIII. THE DRUMMOND-HATHRELL MODEL:
EXAMPLE OF A NONMINIMAL THEORY WITH
q¯ < 0
In [19], Drummond and Hathrell have investigated a
model in which the parameters of the nonminimal cou-
pling were calculated in the framework of the one-loop
corrections to QED. These parameters are of the form
q1 = −q, q2 = 135 q, q3 = − 25q, where q =
αλ2
e
36pi ,
λe being the Compton radius of electron. Clearly, for
these Drummond-Hathrell parameters one obtains that
10q1+4q2+ q3 = 0, so it obeys Eq. (43) that we have as-
sume from the start. Moreover q¯ = − 25q, so q¯ < 0 and it
falls in the case q¯ < 0 that we have treated before. Since
q¯ is given for a given q, the two nonminimal coupling
constants, q and q¯, reduce to one independent coupling
constant, q, say. We deal with a four parameter model.
Thus, the Drummond-Hathrell model has
σ(r) = 1 , (100)
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and the metric functionN(r) takes the form, see Eq. (48),
N(r) = 1− Λr
2
3
+
Q2m
(
1 + 2Λq3
)
r2 − 2Mr3 − 145 Q2mq
r4 + 2Q2mq
,
(101)
At the center the metric function N(r) takes the value
N(0) = −2/5. Now we study the cases Λ > 0, Λ =
0, Λ < 0, and describe new fine details of the horizon
structure of the solutions using the different masses M
of the object.
A. The case Λ > 0
1. The distinguishing masses
For Λ > 0 in the Drummond-Hathrell case the corre-
sponding figures are given in panels (1a) to (1e) in Fig. 1.
We are faced with 15 different submodels, see curves I-
XV depicted in Fig. 4, see also Table I.
We distinguish these models with respect to the mass
M of the object. The analysis is rich but intricate and is
based on the introduction of the following specific values
of the mass.
MN: We start with the mass MN that distinguishes
models with and without a Newtonian-type attraction
zone. For this value of the mass the solutions of the two
equations, N ′(rN) = 0 and N
′′(rN) = 0, coincide, but
N(rN) 6= 0, see curve III in Fig. 4.
M1: The mass M1 appears when the minimum of the
curve N(r) touches the axis N = 0, see curve V in
Fig. 4. This means that the two equations, N(r1) = 0
and N ′(r1) = 0 give coinciding solutions.
M2: Similarly, the value M2 is for the case when the
distant maximum touches the line N = 0, see curve VII
on Fig. 4.
M3: Similarly, the value M3 is for the case when the
maximum closest to the center touches the line N = 0,
see curve VIII in Fig. 4.
M1m, M2m, M3m: When the distant maximum is higher
than the maximum closest to the center the correspond-
ing masses differ from M1, M2, M3. In this case the
corresponding masses are written as M1m, M2m, M3m,
respectively, where the additional index m, stands for
modified. In panel (b) of Fig. 4 other curves could be
drawn. We stick to drawing in this panel (b) only the
curves that are qualitatively different from those of panel
(a). These are curves X and XI only, which correspond
to the masses M2m and M3m. The curve for the mass
value M1m is not displayed since it can be obtained as a
deformed curve V from panel (a) of Fig. 4.
M2 = M3: When M2 = M3 we deal with a specific case
depicted in panel (c), curve XIII, of Fig. 4.
MT1, MT2: There are also two specific sets of values of
two parameters, the massM and q¯, for which three equa-
tions give the same roots, namely, N(rT) = 0, N
′(rT) = 0
and N ′′(rT) = 0, where the subscript T is for triple.
There are two masses that fulfill these conditions. One,
MT1, is depicted in panel (d), curve XIV, of Fig. 4, and
shows the case when the inner, Cauchy, and event hori-
zons coincide. The other, MT2, is depicted in panel (e),
curve XV, of Fig. 4, and shows the case when the Cauchy,
event, and cosmological horizons coincide.
MQ: The last specific value of the mass, MQ, appears
for a specific set MQ, q¯Q, ΛQ, for which N(rQ) = 0,
N ′(rQ) = 0, N
′′(rQ) = 0, and N
′′′(rQ) = 0, see the panel
(f), curve XV, of Fig. 4.
2. The fifteen cases
Now we comment the fifteen cases based on the plots
of N(r) as a function of r.
(1) M = 0
This case is shown in curve I of panel (a) of Fig. 4 and is
related to the crossing of the line (1a) on Fig. 1 with the
line M = 0, the bottom horizontal line. This solution
has a similar structure to the Schwarzschild-dS solution.
N(r) is characterized by a finite minimum at the center,
an inner black hole zone and an inner event horizon, a
trap between the horizon and the maximum, a zone of
repulsion, a cosmological horizon, and a dS region.
(2) 0 < M < MN
This case is shown in curve II of panel (a) of Fig. 4 and
looks like the previous case M = 0. The difference is in
the height of the maximum.
(3) M =MN
This case is shown in curve III of panel (a) of Fig. 4. It
separates spacetimes with and without a Newtonian-type
attraction zone. This solution has also a similar structure
to the Schwarzschild-dS solution. N(r) is characterized
by a minimum at the center, an inner black hole zone, an
inner event horizon, a trap between the horizon and the
maximum, a zone of repulsion, a cosmological horizon,
and a dS region.
(4) MN < M < M1
This case is shown in curve IV of panel (a) of Fig. 4. The
curve is characterized by a minimum at the center, an
inner black hole zone, an inner event horizon, a trap be-
tween the horizon and the maximum, a zone of repulsion,
a neutral zone, a Newtonian attraction zone, a zone of
repulsion, a cosmological horizon, and a dS region.
(5) M =M1
This case is shown in curve V of panel (a) of Fig. 4. There
are three horizons, one of them is a double horizon. It can
be thought of as extremal Reissner-Nordstro¨m-dS solu-
tion, with a Schwarzschild structure replacing the time-
like singularity. The curve is characterized by a mini-
mum at the center, an inner black hole zone, an inner
black hole horizon, a trap between the horizon and the
maximum, a zone of repulsion, a double extremal hori-
zon, a Newtonian attraction zone, a zone of cosmological
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FIG. 4: Quasiregular nonminimal black holes of the Drummond-Hathrell type with Λ > 0. See text for details.
repulsion, a cosmological horizon, and a dS region. This
case corresponds to the cross of the curve in panel (1a)
of Fig. 1, for which the horizontal mass line touches the
minimum of the plot of the auxiliary function f(r).
(6) M1 < M < M2
This case is shown in curve VI of panel (a) of Fig. 4.
There are four horizons. It can be thought of as a
Reissner-Nordstro¨m-dS solution, with a Schwarzschild
structure replacing the timelike singularity. N(r) is char-
acterized by a minimum at the center, an inner black hole
zone, an inner event horizon, a trap between the horizon
and the maximum, a zone of repulsion, a Cauchy hori-
zon, a second black hole zone, a second event horizon, a
Newtonian attraction zone, a zone of cosmological repul-
sion, and a cosmological horizon, and a dS region. This
case corresponds to the situation, for which the horizon-
tal mass line crosses the plot of the auxiliary function in
four different points, see panel (1a) of Fig. 1.
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(7) M =M2
This case is shown in curve VII of panel (a) of Fig. 4.
There are three horizons, one of them is a double hori-
zon. It can be thought of as Reissner-Nordstro¨m-dS so-
lution, where the second event horizon coincides with the
cosmological horizon, and with a Schwarzschild structure
replacing the timelike singularity. The curve is charac-
terized by a minimum at the center, an inner black hole
zone, an inner black hole horizon, a small trap between
the horizon and the maximum, a zone of repulsion, a
Cauchy horizon, a second black hole zone, a double hori-
zon where the second event horizon coincides with the
cosmological horizon, and a dS region. This case cor-
responds to the situation for which the horizontal mass
line touches the plot of the auxiliary function in the right
maximum see panel (1a) of Fig. 1.
(8) M =M3
This case is shown in curve VIII of Fig. 4. This solu-
tion can be thought of as a limiting Kasner type solution
N(r) is always negative, apart at one point where it is
zero. This case corresponds to the situation, for which
the horizontal mass line touches the plot of the auxiliary
function in the left maximum, see panel (1a) of Fig. 1.
(9) M >M3
This case is shown in curve IX of Fig. 4. This solution can
be thought of as a Kasner type solution N(r) is always
negative. There are no horizon. This case corresponds
to the situation, for which the horizontal mass line is sit-
uated above the plot of the auxiliary function, see panel
(1a) of Fig. 1.
(10) M =M3m
This case is shown in curve X of panel (b) of Fig. 4. It
is a new case. There are three horizons, one is a double
horizon, the inner event horizon and the Cauchy horizon
coincide. It can be thought as having the same structure
of the Reissner-Nordstro¨m-dS solution. For this case the
curve has a minimum at the center, an inner black hole
Reissner-Nordstro¨m zone, a double horizon where the in-
ner event horizon and the Cauchy horizon coincide, a
second black hole zone, outer horizon, a Newtonian at-
traction zone, a zone of cosmological repulsion, a cosmo-
logical horizon, and a dS region.
(11) M =M2m
This case is shown in curve XI of panel (b) of Fig. 4. It
is a limiting Kasner type solution.
(12) M =M2m =M3m
This case is shown in curve XII of panel (c) of Fig. 4. It
is also a limiting Kasner type solution.
(13) M =MT1
This case is shown in curve XIII of panel (d) of
Fig. 4. This solution has also a similar structure to the
Schwarzschild-dS solution. For this case there is a mini-
mum at the center, a triple inner, Cauchy and outer hori-
zons, a Newtonian attraction zone, a zone of cosmological
repulsion, a cosmological horizon, and a dS region.
(14) M =MT2
This case is shown in curve XIV of panel (e) of
Fig. 4. This solution has also a similar structure to the
Schwarzschild-dS solution. For this case there is a min-
imum at the center, an inner black hole zone, an inner
event horizon, a trap, a zone of repulsion, triple horizon
where the Cauchy, the second event, and the cosmolog-
ical horizons coincide, and a dS region. This situation
corresponds to the case, when the horizontal mass line
crosses the plot of the auxiliary function in the triple
point depicted on panel (1c) of Fig.1.
(15) M =MQ
This case is shown in curve XV of panel (e) of Fig. 4.
It is also a limiting Kasner type solution. This situation
corresponds to the case, when the horizontal mass line
crosses the plot of the auxiliary function in the quadruple
point depicted on panel (1d) of Fig.1.
With the features given above one can sketch with
some ease the corresponding Carter-Penrose diagrams.
B. The case Λ = 0
1. The distinguishing masses
For Λ = 0 in the Drummond-Hathrell case the corre-
sponding figures are given in panels (1a) to (1c) in Fig. 2.
We have 7 different submodels, see curves I-VII depicted
in Fig. 5, see also Table I.
For Λ = 0 the spacetime is asymptotically
Minkowskian, i.e., N(r) → 1 at r → ∞. All the curves
have a minimum at the center with N(0) = − 25 , an inner
black hole zone, and an inner event horizon.
There are two distinguishing masses,M1 andM2. The
mass M1 is related to the case when curve III on panel
(a) of Fig. 5 touches the axis N = 0 in its minimum.
The mass M2 corresponds to the case when curve V of
Fig. 5 touches this axis in its maximum. There are seven
intrinsic cases distinguished according to different values
of the mass M .
2. The seven cases
(1) M = 0
This case is shown in curve I of panel (a) of Fig. 5 and
is related to the crossing of the line (2a) on Fig. 2 with
the line M = 0, the bottom horizontal line. N(r) is
characterized by a finite minimum at the center, an inner
black hole zone, an inner event horizon, a trap between
the horizon and the maximum, a zone of repulsion and
an asymptotic flat region. This case corresponds to the
cross of the curve in panel (2a) of Fig. 2, for which the
bottom horizontal mass line crosses f(r).
(2) 0 < M < M1
This case is shown in curve II of panel (a) of Fig. 5.
The curve is characterized by a minimum at the center,
an inner black hole zone, an inner event horizon, a trap
between the horizon and the maximum, a zone of repul-
sion, a neutral zone, a Newtonian attraction zone, and
an asymptotic flat region. As in the previous case, this
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FIG. 6: Quasi-regular nonminimal black holes of the Drummond-Hathrell type with Λ < 0. See text for details.
case corresponds to the cross of the curve in panel (2a) of
Fig. 2, for which the bottom horizontal mass line crosses
f(r).
(3) M =M1
This case is shown in curve III of panel (a) of Fig. 5.
There are two horizons, one of them is a double horizon.
It can be thought of as extremal Reissner-Nordstro¨m
solution, with a Schwarzschild structure replacing the
Reissner-Nordstro¨m timelike singularity. The curve is
characterized by a minimum at the center, an inner black
hole zone, an inner black hole horizon, a trap between the
horizon and the maximum, a zone of repulsion, a double
extremal horizon, a Newtonian attraction zone, and an
asymptotic flat region. This case corresponds to the cross
of the curve in panel (2a) of Fig. 2, for which the hori-
zontal mass line touches the minimum of the plot of the
auxiliary function f(r).
(4) M1 < M < M2
This case is shown in curve IV of panel (a) of Fig. 5.
There are three horizons. It can be thought of as a
Reissner-Nordstro¨m solution, with a Schwarzschild struc-
ture replacing the Reissner-Nordstro¨m timelike singular-
ity. N(r) is characterized by a minimum at the center,
an inner black hole zone, an inner event horizon, a trap
between the horizon and the maximum, a zone of re-
pulsion, a Cauchy horizon, a second black hole zone, a
second event horizon, a Newtonian attraction zone, and
an asymptotic flat region. This case corresponds to the
situation, for which the horizontal mass line crosses the
plot of the auxiliary function in three different points, see
panel (2a) of Fig. 2.
(5) M =M2
This case is shown in curve V of panel (a) Fig. 5. There
are two horizons, one of them is double. The curve is
characterized by a minimum at the center, an inner black
hole zone, a double horizon, in which an inner and a
Cauchy horizons coincide, a second black hole zone, a
second event horizon, a Newtonian attraction zone, and
an asymptotic flat region. This case corresponds to the
situation for which the horizontal mass line touches the
plot of the auxiliary function in the maximum see the
panel (2a) of Fig. 2.
(6) M > M2
This case is shown in curve VI of Fig. 5. The curve is
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characterized by a minimum at the center, a united black
hole zone, an event horizon, a Newtonian attraction zone,
and an asymptotic flat region. This case corresponds to
the situation for which the horizontal mass line is situated
above the maximum of the auxiliary function, see panel
(2a) of Fig. 2, or crosses the line depicted on panel (2b)
of Fig. 2.
(7) M =M1 =M2
This case is shown in curve VII of panel (b) of Fig. 5.
One has one triple horizon, where the inner, Cauchy, and
event horizons coincide. The curve is characterized by a
minimum at the center, an inner black hole zone, a triple
horizon, a Newtonian attraction zone, and an asymptotic
flat region. This case corresponds to the situation for
which the horizontal mass line crosses the plot of the
auxiliary function in the triple point, see panel (2c) of
Fig. 2.
With the features given above one can sketch with
some ease the corresponding Carter-Penrose diagrams.
C. The case Λ < 0
1. The distinguishing masses
From the point of view of horizon structure and de-
scription, the case with negative cosmological constant,
Λ < 0, does not differ qualitatively from the case Λ = 0.
There are two masses M1 and M2 as in the Λ = 0 case.
2. The seven cases
We draw seven subcases illustrated by curves I-VI on
panel (a) of Fig. 6 and by curve VII on panel (b) of
Fig. 6. The main difference to the Λ = 0 case is that
all the curves are asymptotically anti-de Sitter instead of
asymptotically flat. The details are similar to the ones
for the case Λ = 0.
With the features given above one can sketch with
some ease the corresponding Carter-Penrose diagrams.
IX. THE REGULAR BLACK HOLE: EXAMPLE
OF A NONMINIMAL THEORY WITH q¯ ≥ 0
If we want regular solutions at the center then we
have to impose further N(0) = 1 and N ′(0) = 0. From
Eq. (49) we see this happens when
q¯ = q . (102)
Since we assume q > 0, see Eq. (50), the regular solutions
fall in the case q¯ ≥ 0, the case q¯ = 0 being a limiting case.
In addition, the requirement given in Eq. (102), restrict
the number of the two nonminimal coupling constants, q
and q¯, to just one independent coupling constant, q, say.
We deal with a four parameter model.
Then the solution to Eq. (48) is of the form
N = 1 +
(
1 +
2Q2mq
r4
)−1(
−2M
r
+
Q2m
r2
− Λ
3
r2
)
.
(103)
The four parameters in this family of exact solution are
them q, M , Qm, and Λ. Near the center the metric func-
tion N(r) behaves as N(r) = 1 + r
2
2q − Mr
3
Q2
m
q
+ . . . , such
that N(0) = 1, N ′(0) = 0 and N ′′(0) = 1
q
. This means
that the point r = 0 is a minimum of the regular function
N(r) independently of the sign and value of the cosmo-
logical constant Λ, and independently of the mass value
M . Since N(0) = 1, the curvature scalar is regular in the
center: R(0) = 6
q
. The quadratic scalar RmnR
mn = 9
q2
,
and other curvature invariants are also finite in the cen-
ter. Thus the spacetime is regular at the center. All the
corresponding objects found within this solution are reg-
ular objects. The most important feature of the family
of exact solutions is that it has solutions with horizons,
i.e., regular black holes, depending on the relative values
of the parameters. These solutions have been displayed
in detail in [30], below we give a brief account of them.
A. The case Λ > 0
For Λ > 0, there are two critical masses Mc1 and Mc2.
Depending on the values of the parameters, the black hole
solution can have three horizons, the Cauchy horizon,
the event horizon and the cosmological horizon. When
M < Mc1, there is one horizon only which is a cosmo-
logical horizon. A typical profile of the metric function
N(r) contains a central small cavity, a repulsion barrier,
a zone of rest near the point of minimum, a Newtonian-
type attraction zone with the potential going as 1/r, a
cosmological acceleration zone, and a asympotically dS
zone. When M =Mc1, there is an extremal horizon that
is double, formed by the Cauchy and event horizons, and
there is a cosmological horizon. When Mc1 < M < Mc2
there are three separate horizons, the Cauchy, event and
cosmological horizons. When M = Mc2, there is a
Cauchy horizon, and there is a double horizon, the event
horizon and the cosmological horizon coincide. In this
case the black hole is a cosmological supermassive reg-
ular extremal black hole. The whole visible universe is
swallowed by this supermassive object. For M > Mc2
the Cauchy horizon becomes a cosmological horizon, the
black hole is ultramassive. In such a universe there is
only one horizon, which is cosmological, together with
a repulsion region. This ultramassive black hole is of a
new type, the three horizons coincide: the Cauchy, event
and the cosmological horizons. There is further the case
in which the three horizons coincide when Mc1 = Mc2.
With the features given above one can sketch the cor-
responding Carter-Penrose diagrams. For further details
see [30].
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B. The case Λ = 0
For Λ = 0 spacetime is asymptotically flat. Depend-
ing on the parameters, the black hole solution can have
two horizons, the Cauchy horizon and the event hori-
zon. When the mass is below a certain critical mass
Mc there are no horizons. There is a double horizon
when M = Mc, and when M > Mc the Cauchy horizon
and event horizons stand alone. With the features given
above one can sketch the corresponding Carter-Penrose
diagrams. For further details see [30].
C. The case Λ < 0
For Λ < 0 spacetime is asymptotically dS, and there is
no cosmological horizon. Depending on the values of the
parameters, the solution can have the Cauchy horizon
and the event horizons. The critical mass Mc is a mass
below which there are stars and above which there are
regular black holes with the two horizons. When M =
Mc the black hole has a double extremal horizon. With
the features given above one can sketch the corresponding
Carter-Penrose diagrams. For further details see [30].
X. CONCLUSIONS
In this work we have found a general exact spacetime
solution for a Wu-Yang magnetic monopole in a nonmin-
imal Einstein-Yang-Mills theory. This general solution
is in fact a family of solutions with six parameters and
they generically represent objects that go from bare mag-
netic monopoles to black holes with magnetic charge and
several different types of horizons.
By a judicious choice we have reduced the number of
parameters of the solution from six to five. Indeed im-
posing that the singularities at the center are spherical
conical singularities, we have reduced the number of non-
minimal parameters from three to two, q and q¯. The
other three parameters are the cosmological constant Λ,
the Wu-Yang magnetic charge represented by Qm, and
the mass M .
We have provided a complete classification of these
families of magnetic monopole solutions with respect to
the number of horizons and their type. The important
parameters in this classification are q¯, Qm, and Λ, to-
gether with the mass M of the spacetime. These furnish
if there are zero, one, two, three, or four horizons, and
whether they have a simple, double, triple, or quadru-
ple degeneracy. The distinct horizons that appear within
these families of objects are inner, Cauchy, event hori-
zons, as well as a cosmological horizon when Λ is posi-
tive.
The objects have a great deal of unsuspected structure.
They have a trapping parabolic region near the center
controlled by the nonminimal parameters q and q¯. The
point r = 0 is an equilibrium point for which N ′(0) = 0.
When q¯ > 0, N(0) > 0, while for q¯ < 0 one has N(0) > 0,
and so in this case the there is an inner horizon at a small
positive r. For q¯ = 0 the horizon is at r = 0, and so the
horizon and the conical singularity mesh in a null singular
horizon. There is then a repulsion barrier contiguous to
the nonminimal trap. Cauchy horizon and event horizons
can then also appear, and in the positive cosmological
constant case a cosmological dS horizon appears.
These general features of the families of exact solu-
tions have been worked out for two special cases, the
Drummond-Hathrell model and the regular black holes,
examples of q¯ < 0 and q¯ > 0, respectively.
It will be certainly interesting to find magnetic
monopole black hole solutions with an ansatz different
from the Wu-Yang ansatz. These solutions would give
nonminimal black holes and monopoles with Yang-Mills
hair.
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